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Let NAK be the Iwasawa decomposition of group SU(n + 1, 1). The Iwasawa subgroup P = NA can be identified with the generalized upper half-plane U n+1 and has a natural representation U on the L 2 -space of the Heisenberg group L 2 (H n ). We decompose L 2 (H n ) into the direct sum of the irreducible invariant closed subspaces under U. The restrictions of U on these subspaces are square-integrable. We characterize the admissible condition in terms of the Fourier transform and define the wavelet transform with respect to admissible wavelets. The wavelet transform leads to isometric operators from the irreducible invariant closed subspaces of L 2 (H n ) to L 2,ν (U n+1 ), the weighted L 2 -spaces on U n+1 . By selecting a set of mutual orthogonal admissible wavelets, we get the direct sum decomposition of L 2,ν (U n+1 ) with the first component A ν (U n+1 ), the (weighted) Bergman space.
Introduction.
First let us recall the admissible wavelets and decomposition of function spaces associated with the group SL(2, R) (cf. [5] , [7] , [8] and [13] ). Let U = {z ∈ C : Im z > 0} be the upper half-plane. SL(2, R) acts on U by means of maps
R).
Let SL(2, R) = NAK be the Iwasawa decomposition, where
: a ∈ R + , K = cos θ sin θ − sin θ cos θ : θ ∈ [0, 2π) .
P is a solvable subgroup of SL(2, R). As subgroups of SL(2, R), N acts on U by the translations with respect to ∂U = R
and A acts on U by the delations
Obviously N and A (therefore P) act on ∂U = R also. Because P acts on ∂U = R by T (b,a) : x −→ ax + b, x ∈ R, (b, a) ∈ P, P coincides with the affine group "ax + b". The group law of P is given by 
U is reducible on L 2 (R) with two irreducible invariant closed subspaces H 2 (R) (Hardy space) and H 2 (R) (conjugate Hardy space). The restriction of U on H 2 (R) (or H 2 (R)) is square-integrable in the sense of following: There exists in H 2 (R) (or H 2 (R)) at least one function φ, not identically zero, such that
2 dbda a 2 = C φ < +∞.
(1.2) is called the admissible condition, which is equivalent to
We say that a function φ is an admissible wavelet if φ ∈ H 2 (R) (or H 2 (R)), φ is not identically zero and satisfies the admissible condition. Let φ ∈ H 2 (R) (or H 2 (R)) be an admissible wavelet, we define the operator
The function W φ f (b, a) is called the (continuous) wavelet transform of f with respect to φ. The wavelet transform W φ f is an isometric operator from
(1.5)
As a consequence, we have the Calderón reproducing formula
Moreover, we can identify P with U by setting
) is an admissible wavelet, then the map [9] ) considered the admissible wavelets and decomposition of function spaces associated with the Sympletic group SP(n, 1). The goal of this paper is to consider the same problems associated with the group SU(n + 1, 1).
Let U n+1 be the generalized upper half-plane in C n+1 , i.e.,
is holomorphically equivalent to the unit ball B n+1 in C n+1 . The Cayley transform Γ from B n+1 onto U n+1 is given by
. Let I n denote the unit matrix of order n. Set I n+1,1 = −I n+1 0 0 1 . The group G = SU(n + 1, 1) consists of all (n + 2) × (n + 2) complex matrices g such that det g = 1 and g * I n+1,1 g = I n+1,1 , where g * denotes the conjugate transpose of g. The action of G on B n+1 is defined by
where A is an (n + 1) × (n + 1) matrix, B an (n + 1) × 1 matrix, C an
Let G = NAK be the Iwasawa decomposition, where
Let P = NA be the semidirect product of N and A, where the action of A on N is given by
P is a solvable subgroup of G. For (z, z n+1 ) ∈ C n+1 , we set t = Re z n+1 , ρ = Im z n+1 − |z| 2 , and use the coordinates z ∈ C n , t ∈ R, ρ ∈ R. In this coordinat system, U n+1 is simply the set {(z, t, ρ) : z ∈ C n , t ∈ R, ρ ∈ R + } and ∂U n+1 the set {(z, t) : z ∈ C n , t ∈ R}, where we write (z, t) instead of (z, t, 0). Now we identify N with ∂U n+1 in such a way that n(z, t) is identified with (z, t) (cf. [10] , where dz denotes the Lebesgue measure of C n . Now N acts on U n+1 by the translations with respect to
A acts on U n+1 by the delations
where ρ = e 2ζ . So the action of P on U n+1 coincides with the multiplication of P under the identification of P and U n+1 . Obviously N and A (therefore P) act on ∂U n+1 also, and P acts on ∂U n+1 by maps
We see that the action of P on ∂U n+1 (or H n ) is similar to that of the affine group "ax + b" on ∂U (or R).
In this paper we consider the
into the direct sum of the irreducible invariant closed subspaces under U . The restrictions of U on these subspaces are square-integrable and we shall give the characterization of the admissible condition in terms of the Fourier transform. Then we can define the wavelet transform, which leads to isometric operators from the irreducible invariant closed subspaces of
. By selectting a series of orthogonal admissible wavelets, we get the direct sum decomposition of L 2,ν (U n+1 ) with the first component
, the (weighted) Bergman space.
Direct sum decomposition of L
In order to decompose L 2 (H n ), we state some facts of harmonic analysis on the Heisenberg group (cf. [3] ).
n will be written simply as 0. Let H be a Hilbert space with fixed orthonormal basis 
and
is the operator valued function defined by
We have the Plancherel formula (2.2)
where · H−S denotes the Hilbert-Schmidt norm of operators. The Plancherel formula is equivalent to
which allows us to extend the Fourier transform to the tempered distributions on H n by duality (cf. [4] ). As a consequence of (2.3), we have the inversion of the Fourier transform
provided that the integral converges. Suppose ρ > 0. Let
Let f * g be the convolution of f and g, i.e.,
We also note the following facts:
where f (λ) * denotes the adjoint of f (λ), and if
m (s) be the Laguerre polynomials defined by
It is useful to calculate the matrix coefficients of the representation π λ (z, t) (cf. [6] and [16] 
Now we are going to decompose L 2 (H n ) into the direct sum of the irreducible invariant closed subspaces under the unitary representation U of P defined by (1.11) 
So P σ α is an orthogonal projection. Let H σ α denote the range of P σ α , which can be characterized in terms of the Fourier transform as following:
12)
We have the following theorem. 
Proof. By (2.3), it is easy to see that the
All we need is to prove that the H σ α is an irreducible invariant subspace. 
By (2.5), (2.6) and (2.7), we have (2.14) 
where Z j f and Z j f are taken in the sense of distributions (see [3] ). 
Similarly, H − 0 is the conjugate Hardy space H 2 (H n ), which is characterized by
As we have seen in Theorem 1, L 2 (H n ) has infinitely many irreducible invariant closed subspaces under U . This is different from L 2 (R), which has only two irreducible invariant closed subspaces H 2 (R) and H 2 (R). But it will be seen in §4 that we may only consider the wavelat transform on spaces H 2 (H n ) and H 2 (H n ), the difference between different indices α's has no influences on the wavelet transform and the direct sum decomposition of the function spaces on U n+1 .
Admissible condition and wavelet transform.
Given α ∈ (Z + ) n , σ = + or −. The restriction of U on H σ α is squareintegrable in the sense of following: There exists in H σ α at least one function φ, not identically zero, such that 
The function W φ f (z, t, ρ) is called the (continuous) wavelet transform of f with respect to φ.
Before verifying the existence of admissible wavelets, we are going to give the characterization of the admissible condition like (1.3), which is not involved with the representation U . That is to say, the admissibility is an intrinsic property of a function. Let φ ∈ H σ α . By (2.14),
Using the Plancherel formula,
We get the following theorem. 
Let φ, ψ ∈ AW σ α . We define the " inner product " of φ and ψ on AW σ α by
Proof. The proof of Theorem 3 is similar to the proof of Theorem 2. In fact,
Another important consequence of Theorem 3 is the Calderón reproducing formula. We state it as a theorem.
Proof. Let {g n } be a sequence in C ∞ 0 (H n ) tending to the delta function supported at the point (z , t ) as n → ∞. By Theorem 3,
(3.7) is obtained by (3.8) and the limit argument.
We are interested in the question: How to get an admissible wavelet? Let
Hence,
n studied by Folland-Stein (cf. [2] ). By Theorem 2, it is easy to obtain the following result: 
, where P β,α is the partial isometric operator on H defined by
(We mention that P α,α = P α .) The explicit expressions of φ ν,+ β,α,j and φ 
We have
Therefore φ ν,σ β,α,j is an admissible wavelet. We also notice that {φ
If j = j . From the orthogonal relations for the Laguerre polynomials (3.15), we obtain
By (3.16), (3.17) and (3.18), φ In fact, the map T β defined by
By the Corollary of
Proof. From (2.3), it is easy to get
It follows from Theorem 3 and (3.19 
We see that the spaces A ν,σ α,j 's are mutually orthogonal.
By the Plancherel formula, we have
For α, β ∈ (Z + ) n , λ ∈ R \ {0} almost everywhere, as the function of the variable ρ, ρ
By the orthogonal relations and completeness of the Laguerre polynomials (cf. [15, Chapter 5] 
Equivalently,
We define the functions f 
This implies
The proof of Theorem 5 is completed. 
The proof of Theorem 6 is similar to the proof of Theorem 5 and we omit it.
Let K ν,ν ,σ α,j denotes the reproducing kernel of A ν,ν ,σ α,j . It is easy to see that 
which is just the (weighted) Bergman kernel, the reproducing kernel of A ν (U n+1 ) (cf. [11] 
where µ may depend on β but not on k such that µ > −1. It follows from the orthogonal relations and completeness of the Laguerre polynomials that {f 
where Γ is the Cayley transform defined by (1.7). Then T −1 is given by 
